Introducing Finite Constraint Systems

DRAFT 0.8.4; Maurice Gittens <maurice at gittens dot nl>

June 20, 2025

Abstract

The object of study in this article are finite constraint systems, a synthesis of ordered finite sets of elements and finite fields.
The first section introduces and defines finite constraint systems and their representation. Next we will show that finite constraint
systems are introduce a new class finite fields. The partitioning of finite constraint systems is the following topic presented. The
next section introduces matching and remainder operations for finite sets. Next the satisfiability problem is expressed using finite
constraint systems and a generalized version of the satisfiability problem will be presented.
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1 The Core Building Block: finite fields as finite functions f:Z — Z

1.1 Definition

Let F be the set of all finite fields. Each f € F defines functions f:Z — Z called field functions that map integers x to integers f(x) in
accordance with the following recipe:

loo lo1 - lc—a ho

l10 hiap . hea h
lR-10 Ir—11 - Ilp—1c-1| hra

Vo vi o ... veer | (x f(x))

* the field matrix Z}Q*IXC*I is a matrix m over a finite field f with R, C respectively representing the number of rows and the

columns in the matrix. A matrix element /; ; € f will be called a literal when /; ; # 0'.

+ The number of elements in the field f, will be called the field radix and is denoted Ifl, r, = | f|® is called the row radix and
re = | f|€ is called the column radix of m

e Zf;ol lixlf | for each column x of m
o h = Zicgol Ly f|" for each row x of

o x=Y" vl

o flx) =XV hirl

1.2 Finite Constraint Systems
1.2.1 Definition

In section 1.1 all finite fields f were recognized as functions f : Z — Z. A finite constraint system is defined as a specific mapping
from an a € Z to it’s image f(a).

1.2.2 Example Finite Constraint Systems for the field Z/Z5

This section presents a few examples of mapping of integers to their image using a finite constraint function for Z/Zs. To determine
the image of the integer 4, we recognize that the field radix of Z/Zs is equal the order of this field which is 3. For the following
examples the row radix and the column radix are 27 = 33 and 81 = 3* respectively.

1 0 00 1

1 000 3
ZIsA) =4 o 0 o 0

40 0 0] (4,244

7.)73(4) = 244 because 4-27° =4 and 1-81°+3-81! =244 .
Similarly Z/73(310018) = 300208 because 4-27°+7-27' +20-27% +15-27> = 310018 and 22-81° +61- 81" +45-81% = 300208

1 1 2 0 22
12 0 2 61

Z|73(310018) = o o 5 ] 45
4 7 20 15 (310018,300208)

Similarly Z/73(14607) = 118198 because 4-27° +20-27> = 14607 and 19-81°4-1-81' 4-18-81% = 118198

10 is the additive identity of f



1 0 2 O 19

1 0 0 O 1
7/73(14607) = 00 2 0 13

4 0 20 0] (14607,118198)

1.3 More consise representation of Finite Constraint Systems

In this paper, Finite Constraint Systems will sometime be represented for consisely as in the following

loo log ... loca
lio hia .. hcea
lrR—10 Ir—11 ... Ilr—1c0-1

The information omitted is redundate and can readily be inferred from the information available.



2 Finite Constraint Systems as a class of Finite Fields

This section will show that finite constraint systems are class of finite fields.

Let f be a finite field function f:7Z — Z with corresponding RxC field matrix m and binary additive and multiplicative operations on
finite constraint systems s and s, are collectively denoted by *.

apop 4o ao |- boo
ao apl ap -1 b1

S k82 = . .
Ay-10 ay-1,1 Ay1)1]-1 by-10

bo 1 bo 111 ao,0*bo,o ao,1 *bo 1 ao,|1—1*bo 111
bii - by aipxbyp a1 by arf—1*b -1
by_1.1 by_1)1-1 ay_10%by_10 ay_1,1%by_1, Ay 11j-1*%by_ 111

To recognize these finite constraint systems as as finite fields we must recognize that

* 51 %57 is closed under %

o o
o o

* the additive identity is the R x C matrix

* the multiplicative identity is the R X C matrix

ain a2 aj k
L a1 ap -+ da
¢ additive inverse of s; =
ay1  ay2 Ay ke
of aij i in f
al a2
.. . . az,1 a272
* multiplicative inverse of s; =
ayl ay2

inverse of g;; in f

0
0
. | where O represents the additive identity of f
0
1 1
1 1
. where 1 represents the multiplicative identity of f of
1 1
—ap —ai2 —aik
) —az) —az2 —ak . L
is defined as where —a; ; is the additive inverse
—ay1  —ay2 —Ayk
-1 -1 ~1
ap i a % al,% auf
ark| . ) G5 Ak _1. e
is defined as ] .| where a;; is the multiplicative
e a A oAy

it is also easy to recognize that operations x are both associative and commutative as these properties are obtained from f

The above proves that finite constraint systems for a class of finite fields.



3 Integer multiplication and exponentiation for finite constraint systems

3.1 Multiplication as repeated addition

Let m be a finite constraint system, —m represent the matrix m with all elements replaced by their additive inverse and mg =
00 --- 0

00 --- 0
be the additive identity matrix for m. Multiplication by integers i denoted i X m is defined by distinguishing

00 --- 0
the following cases:
e Oxm=mg:
s ixm=Y!_ ,mwheni>0

s ixm=Y!_ ,—mwheni<0

3.2 Exponentiation as repeated multiplication

Let m be a finite constraint matrix, m ™~ represent the matrix m with all elements replaced by their multiplicative inverse and m; =
1 1 --- 1

1 1 --- 1 _
be the multiplicative identity matrix for m. Exponentiation by integers i denoted m' is defined by distinguishing the

1 1 --- 1
following cases:

hd m0=m1

e m' =[];_ymwheni>0

e m=[['_;m ! wheni<0



4 Partitioning finite constraint systems

4.1 Example of column partitioning

Instances of finite matrices m can be partitioned into disjunct subsetsmg, my, ..., My 1.

For example, consider the Z/Z5 finite file matrix m presented below together with the partitioning key k = {0,4}.
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m <k yields the the partitions myg, mp, my, mz defined as
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. Partitioning of m using key k denoted

corresponds with all columns x of m for which m[0,x] = 0 and m[4,x] = 0. .

corresponds with all columns x of m for which m[0,x] # 0 and m[4,x] = 0.

corresponds with all columns x of m for which m[0,x] = 0 and m[4,x] # 0.

corresponds with all columns x of m for which m[0,x] # 0 and m[4,x] # 0.

4.2 Column partitioning of finite constraint systems with keys of cardinality 2

Consider a finite constraint system with matrix representation m =

lo,o lo,1 lo,j1-1 i
o hia -1 i
e
lyj-10 Iy boj-vgn=1 | e
o i i1)-1 (x,f(x))

over field F and

partitioning key k = {x,y},x # y. The key k partitions / into 2/ possibly empty set of integers I = io Ui U... U iox_; defined as

* i3 denotes the subset of columns m having literals of both the row x and y.

* i denotes the subset of columns of m that includes literals in row x and necessarily including no literals in row y

* i1 denotes the subset of columns of m that with no literals of in row x and necessarily including literals in row y.

¢ iy denotes the subset of columns of m that included no literals in row x or y.



4.3 Column partitioning keys of cardinality k > 2

Row partitioning with keys of cardinality greater than 2 is possible, However this generalization is not pursued further in this docu-

ment.

4.4 Row partitioning

In the previous section column partitioning was introduced. Row partition is analogous to column partition except in the latter cases

the rows of the matrix are partitioned instead of columns.

Consider a finite constraint system with matrix representation m =

lo.o lo,1 lo,j11-1 i
ho I hjn-1 i
e
=10 ly-11 L
i i i1 | (6 f(x)

over field F and

partitioning key k = {x,y},x # y. The key k partitions I into 2l possibly empty set of integers I = ip Uiy U... Uiy _; defined as

* i3 denotes the subset of rows m having literals of both the row x and y.

* i denotes the subset of rows of m that includes literals in row x and necessarily including no literals in column y

* i1 denotes the subset of rows of m that with no literals of in row x and necessarily including literals in column y.

* iy denotes the subset of rows of m that included no literals in column x or y.



5 Division and Remainder operators for Finite Constraint Systems with integers

This section is about defining division / and remainder % operators for finite constraint systems over integer sets / and integers i over
common finite field F. These operators will satisfy the identity I =1/iUI % .

5.1 The division operator
5.1.1 A few examples
Consider

* the set of integers I = {166,21,1,231,101,27,168,23,153,28}

1 01 0200201
1102002100
* amatrix representationm= |0 2 0 1 2 0 0 2 2 0| ofloverZ/Z;
0002010021
2002102010
1
0
* the integer value 1 over F' represented as a single column matrix i = |0
0
0
1 01 000 O0OTO1
1 0000O0O0OOTO0ODO
The operation of filtering I by i denoted /i is definedasI/i= |0 0 0 0 0 0 0 0 0 O
0000 O0O0OO0OO 0O 01
200 00O0O0O0O0OO0O
0 0000 O0OO0OZ2T00 2 00 0O0OO0OOO0OOO0OO 2
1 01 00O0O0O0OT1TO0O0 0 00 0O0OO0OOO0OOO0OO 0
Similarly// |2{ =10 2 0 0 0 0 0 2 0O Of,//|2|=(0 0 0 0 O O O O O O|andafinalexamplel/ |2
0 000 O0OO0OOO0OOTU OO 0 00 0O0OO0OOO0OOTO OO 0
0 00 00O0OOO0OO OO OO 2 00 0O0OO0OOO0OO0OO0OOQ 0
0000200200
000 0O0OOOT1O0OODO
0000200200
000 O0O0OO0OO0OTO0ODO
00001 O0O0O0OTO0ODPO

5.1.2 The general case of division with integers

The previous section presented examples of dividing finite constraint systems by integers. For the more general case we consider
finite constraint systems 7, R, D over common finite field F where the matrix representation of D has only one column . The result of
I/D =R is defined as follows

loo o o o1 do 10,0 o1 .- Tor-1

lio hao o L di o L B A 0 (B
Do Dyerr - Dyeuner | [ 9y M=10 Tpl=L1 - Tpl-Lj-1
where

¢ For all columns x



— for all rows y
% Iyy =1lyy whend, =0orl,, =d,
# 1y, = 0 otherwise
5.2 The remainder operation for finite constraint systems

5.2.1 The general case

Where [ is a finite constraint systems and i is an integer, the remainder operation denoted /%, is defined as I%i = I — (1/i),where
—./ respectively represent the set difference operator and the division operator for finite constraint systems.

5.2.2 A few examples

1 01 0200201
1102002100
Consider the set of integers I over Z/Z3 with matrix representationm= [0 2 0 1 2 0 0 2 2 0] and an integer value
0002010021
2 002102010
1
0
i represented as a single column matrix i = |0
0
0
0000200200
01 02002T1TU00O0
The operation of dividing / using i denoted  %igives |0 2 0 1 2 0 0 2 2 O0f.
0002010020
0002102010
0 1 01 02 00O0O0°1 2 1 01 0200201
1 1 002 002000 0 1102002100
Similarly /% |2 =0 0 0 1 2 0 0 0 2 Of,I%|(2|=1{0 2 O 1 2 0 O 2 2 O0]andasafinal example
0 0002010021 0 0002010021
0 2002102010 2 2002102010
2 00 0OO0OOO0OO0OO0OTO
0 01 020020O00O0
I%|(2|={0 2 01 0 0 00 2 O
0 0002010020
0 0002002010



6 The Satisfiability Problem as a finite constraint systems over Z/Z3

6.1 An example

Consider the example Boolean formula F = (x+y) - (x+7¥) - (£ +2) - (y+2)- It is straight forward to represent F as a set of integers
over Z/Zs.

1

F =

SN =
N O N
— N O

1
0

6.2 The general case

Let F = co- c1 - ... - cx—1 over variable set v be a well formed formula in conjunctive normal form.

F can equivalently be represented as a matrix

loo lon ... log—
Iio S U S |
m= . . . .
10 Iy-11 - Iy—1x-1
and an arbitrary ordering key k. In particular
* iy # 0 for all columns x of m
1 [j€c
* l;;€{1,0,2} suchthat [;; = ¢ 0 [; j ¢ c¢;. Itis easy to recognize m € ZLVW{ as a |V| x k matrix with elements taken from
2 lj€c;
GF(3).
It is currently assumed that the formula if- i - ... ifv‘_l represents the conjunctive normal form of F.

6.3 The satisfiability problem as a finite constraint system

Where S = (1,k,7Z/Z3) is a finite constraint system the satisfiability problem is defined as finding out if an integer i # 0 exists such
that [%i =0 .

6.4 The generalized satisfiability problem as a finite constraint system

Where S = (I,k, F) is a finite constraint system the generalized satisfiability problem is defined as finding out if an integer i # 0 exists
such that /%i = 0.

10



